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1 Introduction 

 

In recent years the subject of fractional 

calculus gained much momentum and 

attracted many researchers and 

mathematicians. Considerable interest in 

field of fractional calculus has been 

developed by the applications to different 

areas of applied science and engineering 

like physics, biophysics, aerodynamics, 

control theory, visco-elasticity, capacitor 

theory, electrical circuit, description of 

memory and hereditary properties etc.  

 Anti periodic boundary value 

problems constitute an important class of 

boundary value problems and have 

recently received considerable attention. 

Anti periodic boundary conditions occur in 

mathematical modeling of many physical 

processes, see [6] – [10] and references 

therein. 

 The Banach fixed point theorems is 

used [11] to investigate existence and 

uniqueness of for integro differential 

equations of fractional order  (1,2) with 

antiperiodic boundary conditions. In [7] 

the author investigated existence problem 

of anti periodic boundary value problem to 

fractional differential equation for      

(2,3) by using Banach fixed point. 

Motivated by these works we study in this 
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paper the existence of solution to 

fractional differential equation when   

(0,3] with anti periodic boundary 

conditions. 

Precisely we consider the following 

problem 
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where nc D


denotes the Caputo fractional derivative of order n and f is a continuous function

2. Preliminaries

Definition 2.1. A real function f(t) is said to be in the space Cp,    if there exists a real 

number p > , such that f(t) = tp f1(t), where f1  C [0,], and it is said to be in the space C n
p

 if 

and only if f(n)  C, n  N. 

Definition 2.2. A function f  C,   1 is said to be functional integrable of order  > 0 if 
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Next we introduce the Caputo fractional derivative. 

Definition 2.3. Caputo fractional derivative is defined as 
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for nC f0,  t N,n  n,1n 

Lemma 2.4. [3]. For  > 0 the solution of fractional differential equation 0x(t)Dc   is given 

by 
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where  1[ n1n1,2,...,  i c
i

where [] denotes the integer part of  > 0. 

To study the nonlinear problem (1) we need following lemma. 

Lemma 2..5. For any   C[0,T] the unique solution of bounded value problem. 
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ds (s)s)t,Gt)x
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where Gn (t,s) is Green’s function corresponding to n. 
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Proof. By using Lemma 2.4 for some constants c0, c1, c2 we have for 0 <   1 

01
1

11t

0
1

cds s)
s)t

 t)x 









at t = 0 we have x1(0) at t = T 
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by using boundary condition x(0) = x(T) we have 
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The Green’s function is: 
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Similarly for 1 <   2 
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By using boundary conditions 
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Finally for 2 < 3  3 
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3. Existence result

The existence problem to the given 

fractional nonlinear differential system with 

anti-periodic boundary conditions is 

investigated in this section by using well 

known Banach fixed point theorem. 

Let C = C[0,1], denote the Banach space of all continuous functions from [0,1]  R 

endowed with the norm defined by ||x|| = sup |x)t,t  [0,1] ) |. 

Now we state some known results to prove the existence of solution of (1). 

Theorem 3.1. Let X be a Banach space and  is an open and bounded subset of X and let T : 

  X and ||Tu||  ||u||, for all u  . Then T has a fixed point in . 

Theorem 3.2. Define an operator 

gn : C  C as n = 1,2,3 and t  [0,1] for n = 1,0 < 1  1. 
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for n = 2,1 < 2  2. 
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for n = 3, 2 < 3  3 
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Observe that problem (1) has a solution if and only if the operator gn has a fixed point. 

Lemma 3.3. The operator gn : C  C is completely continuous. 

Proof. Let   C be bounded then t  [0,1], x  , there exists a positive contant Ln such 

that  

1,2,3. n L|x)t,
nn

  

Thus for 0 < 1  1, we have 
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Hence for t1, t2  [0,t], we have 
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This implies that g1 is equicontinuous on [0,1]. By Arzela Ascoli theorem we can say that g1 : 

C  C is completely continuous. 

In the similar manner we can prove that g2 : C  C and g3 : C C are completely 

continuous for         1 < 2  2 and 2 < 3  3 respectively. 
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Hence we can say gn : C  C is completely continuous for 0 < n  3 where n = 1,2,3. 

Now we prove existence and uniqueness result by means of Banach fixed point 

theorem. 

Theorem 3.4. Assume  : [0,1] x X  X is a continuous function satisfying the condition 
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Proof. Setting sup t  [0,1] |i(t,0)| = Mi and selecting ri  
i
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 where i = 1,2,3 and L1, L2, L3 as 

defined above. We show that 
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By using the same argument we can prove that 

1,2,3 r r  ||x)(t)g
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Now for x, y  C and for each t  [0,1] for 0 < 1  1 we obtain 
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hence g2 is contraction. 

Finally for 3  2
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hence g3 is also contraction. 

Thus conclusion of the theorem follows by Contraction mapping principle or Banach 

fixed point theorem. 
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4. Example

Example 4.1. Now consider a fractional system of equation with anti periodic boundary 

conditions 
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where t  [0,2]. 

Solution 4.2. Here T = 2 in each case 
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In all cases 
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Hence by Banach fixed point theorem and 

Theorem 3.4 the system of differential 
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equations of fractional order 30
n
  with 

anti periodic boundary conditions has a 

unique solution. 

5 Conclusion 

As existence result is given for system of 

fractional differential equation involving 

Caputo derivative with anti periodic 

boundary conditions of order   (0.3) by 

using Banach fixed point theorem 

References 

[1] M. Benchohra, S. Hamani, S.K. 

Ntouyas, Boundary value problems 

for differential equations with 

fractional order and nonlocal 

conditions, Nonlinear Anal., 71 

2391-2396 (2000). 

[2] K.S. Miller, P.N., B. Ross, An 

introduction to the fractio;nal 

calculus and fractional differential 

equations. Willey, New York (1993) 

[3] A.A. Kilbas, H.M. Srivastava, J.J. 

Trujillo, Theory and applications of 

fractional differential equations, 

Elsevier, Amsterdam (2006). 

[4] I. Podlubny, Srinivasan, fractional 

differential equations, Academic Press, 

New York, (1999). 

[5] R. Agarwal, M. Benchohra, S. 

Hamani, Boundary value problems 

for fractional differential equations, 

Georgian 

mathematicalJournal,16(3): 401-

411 (2009). 

[6] B. Ahmad, V. Otero Espiner, 

Existence of solutions for fractional 

inclusions with anti periodic 

boundary conditions, Bound. Value 

Probl.11: Art ID 625347 (2009). 

[7] B. Ahmad, Existence of solutions 

for fractional differential equations 

of order q  (2,3] with anti periodic 

conditions, J. Appl. Math. 

Comput.,24: 822-825 (2011). 

[8] B. Ahmad, J.J. Nieto, Existence of 

solutions for anti periodic boundary 

value problems involving fractional 

differential equations via Larray 

Shouder degree theory, Topol. 

Methods Nonlinear Anal.,35: 295-

304 (2010). 

[9] G. Wang, B. Ahmad, L. Zhang, 

Impulsive and periodic boundary 

value problem for nonlinear 

differential equations of fractional 

order, Nonlinear Anal.,74: 792-804 

(2011). 

[10] M. Matar, Existence and uniqueness 

of solutions to fractional semilinear 

mixed Volterra Fredholm 

integrodifferential equations with 

nonlocal conditions. Electronic 

Journal of Differential 

Equations,155: 1-7 ((2009). 

[11] D.R.Smart, Fixed Point Theorems, 

Cambridge University Press (1980).


