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Abstract

In the present article, we discuss how Elzaki transform
are essential tools in various scientific fields for
modeling and solving complex problems that arise in
real-world scenarios. These problems include
population growth and decay, glucose absorption,
disease spread, GDP dynamics, Newton's law of
cooling, and free-fall motion. The Elzaki transform
provides an effective mathematical framework for
analyzing these phenomena, enabling accurate
modeling of system behavior over time in physical

and basic sciences.
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Introduction

Many phenomena in physical and basic

sciences are effectively modeled using
differential ~ equations  and  exponential
functions, which provide more accurate

descriptions than ordinary calculus. Integral
transforms are widely used to solve the

resulting initial value problems in science

and engineering (Khalid et al., 2015;
Gandolfo, 1997; Acemoglu, 2012; Elzaki,
2012). Typical  applications include

population dynamics, glucose absorption, free
fall in a viscous medium, and Newton's law of
models describe

cooling. These help

growth, decay, stabilization, and other
dynamic processes with greater accuracy and
provide valuable insights into the behavior
of real-world systems (Dayal, 2020; Zill, 2020;
Aggarwal et al., 2018; Elzaki, 2011; Oldham
and Spanier, 1974; Miller and Ross, 1993).

Elzaki Transform: The Elzaki transform can

simplify  the solving  of  differential
equations and integral equations more
efficiently than the Laplace transform,

particularly for certain types of boundary
value problems. The initial and final value

theorems for the Elzaki transform are

straightforward and can be easier to apply in
some contexts compared to the Laplace
transform. The Elzaki transform may handle
functions  with  singularities  differently,
which can be advantageous depending on the
problem at hand (Khalid et al., 2015). The Elzaki

transform of a function is defined as,
E[f(u)]=¢ [ f(w)e™du = 5(x), 1k k)
o

Elzaki Transform of some function
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2. Methodology: In this section, the Elzaki

problems like,

transform is applied for solving some




2.1. Growth and decay of populations:
Growth and decay of populations are
important concepts in ecology, biology, and
demography. They describe how the number
of individuals in a population increases or

decreases over time.

The
proposed by

1. Malthusian Growth Model:
Malthusian Growth Model,
Thomas Malthus in the late 18th century,
describes how populations grow exponentially
when unlimited. It is a

resources are

fundamental concept in demography and
ecology, illustrating the potential for rapid
population increase and the eventual constraints
imposed by limited resources. The Malthusian
Growth Model is a simple yet powerful tool for
understanding the potential for exponential
population growth in the absence of resource
limitations. While it has significant limitations,
it lays the groundwork for more nuanced models
that incorporate environmental constraints and

other real-world factors (Gupta and Mahajan,

2024; Aggarwal, et al., 2018).

Represented by the equation:

p(t) is the population at time T ,

P(0) = p, is the initial population size(when

time T =0),

#. 1s the intrinsic rate of increase or decrease,
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Solution: taking the Elzaki transform of Eq.
(1), we get

p(t)=£*p(0) = hip(t)
After simplify the equation,

(l - hi }pl{r} =1 p(0),

Put p(0) = p,, we get

- 'p,
p() = (1-nt)

Taking inverse Elzaki transform, we get
plt)=pe"-
e is the base of the natural logarithm.

plr)=m=, if death rate < birth rate, so

population approaches .

For negative value of 4,

im P(T)

£ —uin

— AT
— 3
= lim p“c .

pit) =10, here death rate > birth rate, so

population approaches 0.

This describe how the number of individuals
in a population increases or decreases

exponentially.

2. Verhulst model: This model was
developed by Pierre-Frangois Verhulst in
1838 and is widely used in ecology and other

fields to describe how populations grow in



environments with limited resources. The
Verhulst model provides a more realistic
description of population growth compared
to the Malthusian model, as it considers
resource limitations (Gupta, 2020; Elzaki,

(2012); Gupta, 2023).

d,
‘T:] =?-,p{1:][l -hplT }] 2)
Solution: we can write Eq. (2) as,
M =}Lp{1:]—l2p3ﬁ:] ,
(
d -
PE) 5 pe) =2 p6). (2a)
dr
1
Let £ =— | then
P
_ dZ{t) dplr)
de dr

Then Eq. (2a) becomes,

: 4Z2(c) —hplt)y=-L'p'f),

-P

E-F.}-.ﬂ.{. =.|-I|'-.,: ,
dt

d—£=—}uz+}»: 5
dr

Taking Elzaki transform, we have

Z(0)-'Z(0) =1 (-AZ+371)
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Z(6) + MZ(t) = 176 + £ Z(0)

| r

Z(t) = h' ———+ ,
(1+ht) p,(l+dt)

(2b)

Zi1) = i—:a]] + A
pﬂ

(1+Aat)

Taking inverse Elzaki transform of Eq. (2b)

Zt) = (L—l]]c'” +h
pl:l

Therefore,

1
plt) = ,

L_ay|e™ 4
P

P .
{1 - pn:l}"'} }E'J_M + pﬁ-}" .

plt) =

. 1
When T]J_HE , then p{*r}=}— which s

independent of initial population 2,

2.2. Glucose immersion by the body:
Glucose absorption and utilization in the
body is a complex and vital process that
involves several steps, primarily occurring in

the digestive system and involving various

organs and cells. At T = (), we assume that

(3 {t)is the wunits of glucose in the

bloodstream. Since the glucose being

absorbed by the body is leaving the



(1) satisfies the

following equation as [13]

bloodstream, so the

d g7 (1)
ar

=-2g(@.

€)

Taking Elzaki transform of Eq. (3), we get
FO -7 FO)=-A1g (1)

Weput Z(0)=4Z. the equation become

From above equation it is clear that the units
of glucose in the bloodstream fall off

exponentially.

Suppose that by the fixed rate of Y

unit/sec, the glucose is injected, then £ (1)

satisfies the following equation as

dZ (1)
ar

=-Ag(n)+7.

4)

here —ig(r) show the immersion of the

glucose by the body and ¥ is due to

injection. Also we have & (7)=4;.

Solution:
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2.3. Spread of epidemics: The spread of the

epidemics model is given by the equation as

g 'Ff =A@[N-1)] , (5)

where 3 is a positive constant. I(T)is the

infected population at any time T, IV is the

total susceptible population and [V-ID] s
the susceptible people, but still not infected.

At initial time t =0, the population of

infected people is I .

Solution: The equation (5) can be written as

A _Ni-ar,

dr

A Nal——iP, (5a)
dr



dZ(r) dlir)

, then Eq.
it it

I .
Let E=i then, —I°

(5a) becomes

1 dZ(T)
dqar

—NI=-iT’

E +NAZ =1,
ar

ﬂ =—NAI+ Al
ar

(5b)

Taking Elzaki transform to Eq.(5b), we have

Z(H—FZ(0)=-NAZ(H)+ ir,
Z()+ NAZ(H) = ;;+ if

3 £ . At
LA+NA) (+NiD'

(1)

Z=— "t +ijp-_L_|
L(A+NAr) N (1+ N4

2= -t 1
I, N|tNip N

Taking inverse Elzaki transform, we have

1 1] o 1
Z(0)=| = —= |V +—
® {Ic .-’-.-f} N

Therefore,

(D) = .
1 14 w1
—|e +—
I, N N
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!1_[13 T approaches infinity, 1(r)=N which

show that all susceptible people eventually

become infected .

2.4.
Product (GDP) is a key indicator used to

Changes in GDP: Gross Domestic

gauge the health of a country's economy. It
represents the total monetary value of all
goods and services produced over a specific
time period within a nation's borders.
Investors use GDP growth rates to make
informed decisions about investments in
particular countries or sectors (Gandolfo,

1997; Acemoglu, 2012).
Now, we know that changes in GDP with

respect to time are directly proportional to

the current GDP which is given by equation.

dy(t)
dr

(6)

=hylt),

where # is a positive/negative constant and

it any time T , %(t) is the GDP. The GDP
at initial time T =0 is Xu.

Solution: Taking Elzaki transform to Eq. (6),

we have

()= 17%(0) = hex (1)

(1=ht ) (6) = " %(0)

We put %(0) = %, and rewriting, we have



Taking inverse Elzaki transform, we have

) =y
T]j_rﬂ, T approaches infinity, 7 =1{) for

negative value of 4, ¥ =% for positive

value of ..

From the above equation, it is clear that GDP

falls off and shoots up exponentially.

2.5. Free fall in a Viscous Medium: Under
the operation of gravity pull in a viscous
medium, the motion of a particle falls

vertically downwards

D) _ 5 0q)+0 (7)
dr
Here -iAiMT) is due to the force of air

resistance and & is the acceleration due to
gravity. Also , we assume () = 0.

Solution: Taking Elzaki transform to Eq. (7),

we have

)= t50(0) = =t () + B ¢

We put 4}{0) = 0 and rewriting, we have

(1+ne ) )=C ¢,

ﬁ(r}=g—{:’ —L] ,
A (1+nt)

]

" 2
)= -———+—1"
0= (1+;u)+ A

Taking inverse Elzaki transform, we have

ﬂ(x}--@‘ o™ +}£ :

L)

t}(t}-%(]-e'“) :

then § . G_

lim, ¢ approaches infinity,
. : . 3
which show maximum velocity of the

particle falling vertical under gravity.

2.6. Law of heating or cooling

The law of heating or cooling is given by

Newton which is described as [8]- [12]

O ro-7 ®)

ar

in  surrounding medium, the fixed

temperature is ;. and at any instant <, the

tempreture is <. So we assume that

0y =7,

L1

Solution: Taking the Elzaki transform to Eq. (8)

TR —-£7 0y =—A(t7 ) -7, )
We put 7 (0)= 7] and solving, we have

(1+ A8) 7 () =7 (0)+ A7 ,F |
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— 7 AT

SO =t .
(1+4r) (14 A¢)

. r: .-'__.-'_A .

T = [ L “)+ffﬂr‘
(1+4r)

taking the inverse Elzaki transform, we have

TN =7 -7 )e+7;.
From the above equation, it is clear that the
temperature of the body falls off

exponentially.

3. Conclusion: The Elzaki transform is
highlighted as an effective mathematical tool
for solving differential equations in various
scientific contexts, offering solutions that
align with those obtained via traditional
calculus methods. Here’s an outline of
its applications such as Population growth or
decline is  modeled  exponentially.
Population approaches zero if the death rate
exceeds the birth rate. Population approaches
infinity if the birth rate exceeds the death
rate. The concentration of glucose in the
bloodstream decreases exponentially. Over a
long period, all susceptible individuals
eventually become infected. GDP can
increase or decrease exponentially over time.
The temperature of an object changes
exponentially over time. The velocity of an
object falling in a viscous medium increases
exponentially, with g/A being the terminal

velocity. This validates the Elzaki transform
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as a powerful tool for addressing problems in

physical and basic sciences.
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